Given a convex compact set K C [~2 what is the largest n such that K contains a convex lattice n-gon? We answer this question asymptotically. It turns out that the maxima[ n is related to the largest affine perimeter that a convex set contained in K can have. This, in turn, gives a new characterization of /4o, the convex set in K having maximal affine perimeter.
Introduction
Assume K C R2 is a fixed convex body, that is a convex compact set with nonempty interior. Let Z 2 denote the (usual) lattice of integer points and write 1 2 This is a shrunken copy of Z 2 when t is large. A convex Zt-lattice Zt = 7Z 9 
Affine perimeter
Let C denote the set of convex bodies in R 2, that is, compact convex sets with nonempty interior. Given S E C, choose a subdivision Xl,...,Xn,Xn+l = Xl of the boundary OS and lines gi, i = 1,...,n supporting S at xi. Denote by Yi the intersection of s ~i+1 and by Ti the triangle conv{xi, Yi, xi+l} (and also its area). The affine perimeter AP(S) of S is defined as n AP(S) = 21im E ~/~i, i=l where the limit is taken over a sequence of subdivisions with max Ixi+l -xi[ --+ 0.
1...,n
The existence of the limit and its independence of the sequence chosen follow from the fact, implied by the inequality in (2.4) below, that ~inl ~ decreases as the subdivision is refined. Therefore, n AP(S) = 2inf E ~/~i.
i=l
Note that the affine perimeter of a polygon is zero.
The same definition applies for a compact convex curve F: a subdivision xl,...,xn+l on F, together with the supporting lines at xi define the triangles where now the infimum is taken over all n and all choices of unit vectors dl,... ,dn+l. Note that the triangles Ti are determined by F and dl,... ,dn+l uniquely (unless di is orthogonal to a segment contained in F, in which case we can take the midpoint of this segment for xi). We will call them the triangles induced by directions dl,..., dn+l on F.
We mention the following properties of the map AP: C --~ 1~ that will be used later.
(2.1) AP(LS) = (det L)I/3AP(S), for L: R 2 --* R 2 linear. (2.2) If the boundary of S is twice differentiable, then AP(S) = los ~l/3ds = f:~ r2/3dr
where ~ is the curvature and r the radius of curvature at the boundary point with outer normal vector u(r = (cos r sin r (2.3) Given a triangle T --conv{po,Pl,p2}, let D --D(T) be the unique parabola which is tangent to pop1 and PiP2 at P0 and P2, respectively.
Among all convex curves connecting P0 and P2 within the triangle T, the arc of the parabola D is the unique one with maximal affine length, and AP(D) = 2 ~/T. We call D the special parabola in T.
(2.4) In the above triangle T let ql and q2 be points on the side PoP1 and PIP2, resp., and let P3 be a point on qlq2. Writing T1 and T2 for triangles PoqlP3 and P3q2P2 we have (see Figure 1 It is clear from the definition that, for a polygon K, AP(K) = 0. This shows further that the map AP: C --* R is not continuous (C is equipped with the Hausdorff metric). It is known (see [Lu91] , for instance), however, that it is upper semicontinuous.
The following theorem will be used for the proof of the main theorems. It is similar, in spirit, to a result of Vershik [Ve94] . Assume F is a compact convex curve in the plane. For e :> 0, the s-neighbourhood of F will be denoted by U~(F). Let m(F,c, Zt) denote the maximum number of vertices that a convex Zt-lattice curve lying in U~(F) can have. THEOREM 2.1: Under the above conditions,
For the proof of Theorem 2.1 we will need the following fact, which is a consequence of the upper semicontinuity of the affine perimeter. Proo~ This is quite simple: assuming the contrary one finds a F p C U~(F) for every ~ > 0 with AP(F ~) > AP(F) + ~?, contradicting the upper semicontinuity of the functional AP. |
Maximal affine perimeter
Let C(K) = {S 9 g, S C g}. Define A(K) = sup{AP(S), S e C(K)}. We will need the following result from [Bs THEOREM 3.1: For every K 9 C there exists a unique Ko 9 C(K) such that
The function A: C --* ]~ is continuous. (We omit the simple proof.) Theorem 3.1 shows that there is a mapping F: C --* C given by F(K) = Ko. F is affinely equivariant, that is, for a nondegenerate affine map L: ]~2 __, R2,
F(LK) = LF(K).
PROPOSITION 3.1: F: g --+ g is continuous.
Proof." The proof is simple: assume Kn --* K. Choose a convergent subsequence of F(Kn); its limit, K* say, is contained in K. The upper semicontinuity of AP and the continuity of A implies that
and K* = F(K) = Ko follows from the unicity of K0. II
The unique F(K) = Ko has interesting properties as well. Clearly, OKo N OK ~ 0, as otherwise a slightly enlarged copy of K0 would be contained in K and have larger affine perimeter. So, OKo\OK is the union of countably many arcs, called free arcs.
(3.1) Each free arc is an arc of a parabola whose tangents at the end points are tangent to K as well.
(3.
2) The boundary of K0 contains no line segment.
The last statement is made quantitative in [Bs Assume Area K --1. Assume further that the maximal area ellipsoid inscribed in K0 is a circle. This can be reached using a suitable area preserving affine transformation. Two sets K1,/(2 E C are equivalent if they are translates of each other. Write JC for the set of equivalence classes in (F(K) : K E C}. The two theorems above show that the map G: Co -* /C is one-to-one. It can be shown that the map G: Co ~/C is continuous in both directions, but we won't need this fact here.
Theorem 3.2 implies the following strengthening of (3.3):
COROLLARY 3.2: For any K E C, there is a nondegenerate linear transformation L: •2 __, R2 such that the radius of curvature R(u) of F(LK) = (LK)o at any
point of its boundary satisfies 1 8
< R(u) <_ -5"
Remark 3.1: Theorem 3.2 and Corollary 3.1 may extend to higher dimensions.
Unfortunately, the unicity of the maximal affine surface area convex set contained in a fixed convex body in R d for d > 2 is not known. We hope to return to these questions in the near future.
Large triangles
We are interested in the maximal convex Zt-lattice polygons inscribed in a convex body K, when t is large. This is the same as considering the maximal Z2-1attice polygons inscribed in the blown-up copy tK of K. Theorems 1.1 and 1.2 show that any such maximizer is very close to the subset Ko of K with maximal affine perimeter. As we saw earlier, the boundary of this body Ko is the union of countably many parabolic arcs whose tangents at the end points are tangent to K as well. These tangent lines will define our "large" triangles.
We will be interested in finding the set of vectors that will build up the arc of Qt within each such triangle T. We shall prove that each large triangle naturally gives rise to a "small" triangle A, so that the edges of the arc of the maximizer Qt within T are primitive vectors in A. These connections will become clear in the sections to come. We now proceed with a result about large triangles. We start with a definition which is slightly more general than necessary. (ii) zi = xi -xi-1 E Z 2, for each i = 1,... ,n.
We call n the length of this convex lattice chain.
Define m(T) as the maximal length that a convex lattice chain within T can have. For simpler writing we denote the area of T by the same letter T.
Assume now that a, b E R 2 are two non-parallel vectors and tl, t2 are almost equal and large values. Setting Pl -Po = tla and P2 -Pl ~ t2b gives the "large" triangle T. 
This result follows from Theorem 1.2 as well. The short proof given in section 7 shows the close connection between maximal convex lattice chains and inequality (2.4).
From the proof of Theorem 4.1 we will be able to give a simple construction of a convex Zt-lattice curve in the triangle T which is almost maximal and is very close to the parabola arc D(T). This construction will be used in the characterization Theorem 3.2. Its area is also denoted by A and its lattice width by w(A). We write F for the set of primitive vectors in Z 2, P = {(x,y) 9 Z2: gad(x,y) = 1}.
We will need to know the size of F n A. Since the density of P in Z 2 is asymptotically 6/7r 2, one would expect
This is indeed the case when w(A) is large enough. In our application, u = Aa, and v = Ab with A ~ t 1/3. Thus w(A) is of order t 1/3 which is large, and the triangle A is "small" compared to T. Define the norm (essentially an gl norm) I1" ]J as follows:
Since the zi are non-parallel vectors from Z 2 ;3 pos{a, b}, The proof of the upper bound is based on choosing h so that ~An~ IIpll is almost equal to, but slightly larger than, 2. In this case <_ c2t -1/3 log t with some large c2 (depending only on A0) for all large enough t. This shows that J < 1/2 if t is large enough and so = 157r2c2 t-l~3 log t. 
m *(T, Zt) = m *(T1,Zt) + m *(T2,Zt).
Choose convergent subsequences of ql,p3, q2. Assuming none of the Pi and qj coincides in the limit, we can apply the Zt version of Theorem 4.1. This gives, after straightforward simplifications, that where T1 and T2 denote the limiting triangles. In view of property (2.4) of the affine perimeter, this is possible if and only if g (in the limit) is tangent to the parabola D(T) at the point q. Thus P3 tends to q.
If one of the triangles, say T1, becomes degenerate, then one can use Andrew's estimate giving, again for the limiting triangles,
r
But that is not possible since 7'1, being degenerate, has area 0 and T2 < T. This finishes the proof of Theorem 4.2. |
In the Zt setting the chain C(A) becomes the Zt-lattice chain C(A, Zt) which is, of course, almost maximal and almost connects P0 to P2 within T. We show next that this chain, too, is very close to the parabola D(T):
Proos
For this proof we work in the Z 2 setting and divide by t in the end. 
E p = st(a + d)(1 + O(t -'/3 log t)).

A(s)n~
The point st(a + d) is on the parabola D(T) and the tangent there has direction d, as one can readily check. Thus q -st(a + d) is at most O(t 2/3 log t). Dividing by t we get the claim. II
Remark 7.1: The primitive points are distributed evenly in a small triangle, so instead of summing them, we could take the integral of the vector x in A. In this case the triangle need not be small. With the previous notation,
(s)
This is a curve, parametrized by s. It is very easy to see that this curve is 1 conv{0, a, a + b}. The exactly the special parabola inscribed in the triangle ~A tangent to this parabola at z(s) is parallel with d.
Remark 7.2:
The moral is that the maximal Zt-lattice chain in A, and C(A, Zt) and D(T) are all very close to each other. Further, C(A, Zt) is almost explicit; the curve z(s) can be computed from A. This is the idea behind the proof of Theorem 3.2.
Proof of Theorem 2.1
The proof consists of two parts. We show that the limsup of t-2/3 lvertQt[, over a sequence of Zt-lattice convex curves Qt c U~(F), can only be slightly larger than 3(27r)-2/3AP(F). Secondly, we construct a sequence, Pt, of convex Zt-lattice polygons lying in U~ (F) with ahnost as many as 3 (27r) This shows what we need.
On each Qt, the directions di induce triangles Ti(t) with vertices zi(t). We choose now a convergent subsequence Qr such that limzi(T) = xi for each i. Let Q c U~(F) be the limit of the Q~. Clearly, Ti(T) tends to a triangle Ti for each i. Now (T -U3 1ogT) ), where the constant in the 'big Oh' term depends on Ti only. So for large enough T (and nondegenerate Ti) we have --(27r)2/3 -When Ti is degenerate, Andrews' estimate works giving again for large enough r. Here Ti = 0, since the triangle in question is degenerate. Thus for all i and large T, Next comes the construction of Pt. Assume r > 0 is small. We will find a sequence of Zt-lattice polygons Pt in Ue(F) such that Pt has at least 3(27r)-2/3t2/3(AP(F) -2r vertices, provided t is large enough.
Choose points xi C F, tangent lines gi, so that the triangles Ti all lie in Ue/2(F). We assume, rather for convenience than necessity, that the gi have irrational slopes. By the properties of the affine perimeter, k 2 ~ ~ >_ AP(F). Recall that the proof of the lower bound of Theorem 4.1 produced an ahnost maximal Z2-1attice chain C(A) in the triangle A. This gives in the Zt-setting an almost maximal Zt-lattice chain C(Ti(t),Zt) in T~(t). Fix i now and let zi(t), Y0, Yl, ..., Yn, zi+l (t) be the vertices of C(Ti(t), Zt). Note that yj -Yj-1 is in Zt but yj may not be.
We show now how this chain can be changed a little so that it is an almost maximal Zt-lattice chain within T/(t) with all of its vertices in Zt. To this end note first that v = (Y0 -zi(t)) + (zi+l(t) -Yn) is in Zt. Also, the slope of v is between the slopes of two consecutive edges of the chain C(Ti(t), Zt), say the jth and the (j + 1)st. Then the vectors Yl --Y0, Y2 --Yl,--., V, ..., form the edges, in this order, of a chain from zi(t) to zi+l(t) within Ti(t) with all vertices in Zt. Let Ci(t) denote this chain. It has at least as many edges as the original chain had.
Since Ti C U~/2(F), both T/(t) and Ci(T) lie in U~(F) if t is large enough. Thus the union of the Ci(t) forms a convex Zt-lattice curve Pt in Ue(F). The construction is now finished. We have to bound the number of vertices of Pt from below. (t) . In the proof of Theorem 3.2, we will need to show that the set (_J A~(t) has nice properties. This will prove both theorems. The proof is simple and is based on Theorem 2.1. Choose a convergent subsequence QT from Q~, and let S be the limit of Qr. Clearly, S c K and S E C. By Theorem 2.1, We assume first that K is a convex polygon. Then K0 is tangent to edges El,... ,Ek of K at points Pl,... ,Pk. We assume that the boundary of K is exactly [.J Ei (since we can delete the edges not touched by K0). The vertex vi is the common endpoint of edges Ei and Ei+l. The outer angle at vi is r > 0. The solution is unique (by Theorem 3.1). So taking derivatives we get the necessary conditions for the extremum. They can be expressed as Proo~ We have to see that the angle, say r at the common vertex of AiUAi_I is less than 7r. To have simpler notation we assume that i = 2 and A1 = conv{0, al, bl}, A2 = conv{0, a2, b2}. Here, as we have seen, bl --a2.
By the definition of A(K), AP(S) <_ A(K). Assume AP(S) < A(K). Then AP(S) § ~ < A(K)
If r + r >_ ~r, then r < ~r follows immediately. So assume r + r < 7r. Then ~b < ~r if and only if A 1 § A 2 > A, where A = {0, abb2}.
As the statement is invariant under linear transformations, we may assume that al = (1,0) and 52 = (0,1), and write bx = a2 = (rsina, rcosa) with E (0, ~r/2) and r > 0. With this notation our target is to show that r(sina + cosa) > 1. Now T1 and T2 are determined by A1 and A2 (see Figure 3 for notation). It is clear that A = (r2/2)(sin a + cos a) cos a and B = (r2/2)(sin a + cos a) sin a.
The special parabola arc within the triangle To = conv{pl,po,p3} connecting Pl and P3 must intersect the segment Iv1, v2], as otherwise replacing T1 and T2 by To would increase the affine perimeter of K. It is not difficult to check that this happens if and only if AB > (r2/4)sina cos a. As AB --(ra/4)(sin a + cos a) 2 sin a cos a, we get rZ(sina + cosa) 2 > 1, which is equivalent to our target. | We show now that the convex set U1 k Ai has its barycenter at 0. Remark 7.1 shows that
We are almost finished with the proof. Define C to be the copy of UAi rotated around the origin, in clockwise direction, by 7r/2. Let u be a unit vector, and let z(u) be the unique point with outer normal u on the boundary of K0. What's the radius of curvature, R(u), of K0 at z(u)? This is, by definition, the limit, as v --~ u, of the length of the arc on bKo between z(u) and z(v) divided by the angle between u, v E S 1. We may assume both directions u, v lie in the triangle 
(LK) = LF(K).
Assume now that C E Co is the convex set whose existence is guaranteed by Theorem 3.2. We claim that LC is the convex set corresponding to LK. It suffices to check this when K is a convex polygon. The proof of Theorem 3.2 shows that U Ai is a convex polygon with each Ai a well-defined triangle. As fA~(s) xdx describes the special parabola in Ti, fLA,(s) xdx describes the special parabola in LT/. As C is a rotated copy of UAi, LC is also a rotated copy of U LAi. This proves the claim.
Given K E C and the corresponding C E Co, choose a linear transformation L: R 2 -* ]~2 that carries C into isotropic position. This means (see [KLS] ) 1 that b(C) = 0 and the matrix of inertia about 0, ~ fxec xxTdx, is the identity matrix. Kannan, Lov~sz and Simonovits [KLS] prove that, with this positioning, the inscribed and circumscribed ellipses of C can be taken to be circles B(r), B(R), centered at the origin, with R/r _< 2. So, we may take r = 1 and then R _< 2.
In this position the radial function PLC(U) satisfies
<_ PLC(U) < 2,
and the radius of curvature of F(LK) satisfies the required inequalities.
I
